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a b s t r a c t

A mathematical model for predicting the hydrodynamic behavior of a multi-stage external loop airlift
reactor operating in three stages has been developed. The present model is based on macroscopic balances
of the gas–liquid separator, external downcomer and spatially averaged, 1D mass and momentum balances
in the riser. Using only the physical properties of the gas and liquid phases, the reactor dimensions and
the superficial gas velocity, the model predicts gas holdup profiles, gas and liquid velocity profiles, and
pressure profiles in the riser for a two-phase bubbly flow. It has been observed that the values of gas
holdup obtained are in the range of 44–52%. Empirical correlations are used to represent frictional and
drag effects, but there are no adjustable parameters in the model. Results indicate that a pressure of
Liquid circulation velocity 9.3 × 10−4 N/m2 were achieved at a dimensionless riser position of 1.0. The results predicted by the model
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. Introduction

Airlift reactors have been used in many process industries where
ompressed air is used to simultaneously aerate and agitate the
iquid with controlled recirculation. Because of their simple con-
truction and operation and their defined mixing and intensive
ispersing effects with relatively low power requirements, airlift
eactors are frequently used in chemical and biochemical indus-
ries. They are particularly well-suited for processes with demands
or rapid and uniform distribution of the reaction components, e.g.
eutralization of wastewater, and for multiphase systems for which
igh mass and heat transfer are necessary, e.g. fermentation pro-
esses [1–5].

Different designs of airlift reactors have been studied earlier by
any investigators, but most of them operate in a single stage. Some

f the reactors, in which different internals like baffles, plates and
creens were used to increase the efficiency, resulted in high energy
issipation and complex mechanical construction leading to diffi-

ulty in construction and operation. To achieve higher efficiency,
he airlift reactors must be operated in multi-stage. Mohanty et al.
5] has designed a novel multi-stage external loop airlift reactor by
xploiting the hydrodynamics of a buoyancy-induced two-phase
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ow. The staging effect was achieved through hydro-dynamically
nduced continuous bubble generation, break up and regeneration,
o that in each stage completely de-aerated liquid could be brought
n contact with freshly generated bubbles. The details of the design
nd characterization of this reactor is reported elsewhere [5].

Several models describing satisfactorily the hydrodynamics of
wo-phase airlift reactors have been developed [6–9]. Some of the

odels are based on drift–flux theory [10] and macroscopic energy
alances [11,12]. Other models are based on mechanical energy
alances and empirical correlations for the parameters that repre-
ent viscous dissipation effects [6,13]. Recent models have used the
omentum equations to describe spatial variations of the hydrody-

amic variables. Some of these models consider two-dimensional
epresentations of velocity and gas holdup profiles [14], whereas
thers consider only axial variations of these parameters [15–17].

Another approach for investigating airlift fluid mechanics has
een the application of an energy balance to the expanding, isother-
al sparging gas. The total expansion work done by the gas is

quated to the sum of various sources of energy dissipation [6].
Models derived from this type of analysis have been successful

n predicting the liquid-phase velocity, provided the gas volume
raction is known.
Most models of airlift hydrodynamics have assumed the flow to
e homogenous, i.e., without variation between phases or spatial
osition. However, it is apparent that the two-phase flow charac-
eristics of airlift reactors are not homogenous always. Significant
ifferences in phase velocities are the norm, and distinct variations

http://www.sciencedirect.com/science/journal/13858947
mailto:kmohanty@iitg.ernet.in
mailto:bcmeikap@che.iitkgp.ernet.in
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Nomenclature

A cross-sectional area of flow channel (m2)
Ag cross-sectional area of riser occupied by gas phase

(m2)
CD bubble drag coefficient
C0 drift–flux theory distribution parameter
D diameter (m)
f friction factors
Fb drag force per unit gas/liquid interfacial area
FD drag force per bubble
g gravitational acceleration (m/s2)
G gas mass flux (kg/m2 s)
ht depth of liquid in the separation tank (m)
I liquid turbulence intensity
j superficial mixture velocity (m/s)
jg superficial gas velocity (m/s)
k excess pressure drop due to developing flow effects

(N/m2)
L axial distance from sparger to riser (m)
L̇ liquid mass flux (kg/m2 s)
m, n exponents
M molecular weight of gas (amu)
n unit normal vector
P pressure (N/m2)
Q volumetric flow rate (m3/s)
r radial coordinates, radius
R outer tube radius (m)
Re Reynolds number
T temperature (◦C)
U uniform velocity profile at flow channel entrance

(m/s)
Ug gas superficial velocity, based on riser cross-section

and atmospheric pressure (m/s)
v fluid velocity (m/s)
z axial component
〈 〉 volume average

Greek letters
˛ weighting factor
¯̨ time average of the quantity ˛
˛′ deviation from time average
ε phase volume fraction
εg void or gas fraction
� axial length of flow development zone
� azimuthal component
� viscosity
� liquid density
� gas/liquid interfacial tension
� viscous stress tensor
	
 area average of  


 deviation from area average
 ̃ deviation from volume average

Subscripts
atm atmospheric
b bubble
c center of tube
dc downcomer
g gas
gl gas/liquid interface
l liquid
r riser
s sparger

t separation tank
w wall
z axial coordinate

Superscripts
t turbulent
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n void fraction and phase velocity occur with changes in radial
osition. Additionally, for large-scale applications, changes in fluid
elocities and gas fractions with axial position are expected to be
ubstantial. In this study, a model was developed for a two-phase
ow, which takes into account the changes occurring between
hases and axial positions. The hydrodynamic parameters pre-
icted by this model were matched with the experimental data
eported in literature for a multi-stage external loop airlift reactor
5].

. Development of the model

In the present investigation the hydrodynamic model is devel-
ped from fundamental continuity, momentum and energy balance
quations in the riser, downcomer and separator. In the process, the
wo-phase frictional effects like riser wall friction, gas–liquid drag
orce and downcomer wall friction factor has been considered. The
ffect of buoyant forces in the gas and liquid momentum balances
as also been taken into consideration.

.1. Assumptions

In this model, starting from the time-averaged point equa-
ion of continuity for each phase, an averaging process over a
epresentative volume of gas–liquid suspension is carried out.
he volume-averaged equations are then averaged over the cross-
ection of the riser. The following assumptions were made for
implification of the complex system:

Steady state operation.
Chemical reactions are absent.
Gas is ideal.
Uniform liquid density, i.e., incompressible flow.
Negligible gas–liquid mass transfer.
Flow is under isothermal conditions.
Bubbly flow in the riser, i.e., the superficial gas velocity in the riser
section is low enough. Gas bubbles move uniformly upward, and
there is negligible bubble dispersion with limited coalescence
and breakup.

.2. Riser

The schematic diagram of the multi-stage external loop airlift
eactor is shown in Fig. 1. The details of the experimental meth-
ds of measurement of gas holdup, liquid circulation velocity is
eported elsewhere [5].

.2.1. Continuity equation
The time-averaged, steady-state continuity equation has the

orm: ∇ · �v = 0.

Employing the definition of the volume average for any variable

over some arbitrary averaging volume Va,

 〉a ≡ 1
Va

∫
Va

 dV. (1)
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The time-averaged point equations of motion for incompressible
ig. 1. Schematic diagram of the multi-stage external loop airlift reactor experimen-
al set-up.

he volume-averaged continuity equation becomes:

1
Va

∫
Va

[∇ · (pv)] dV = 0. (2)

The averaging volume includes both gas and liquid. Since the
iquid-phase equation is being considered, the limits of integration

ay be rewritten in terms of the liquid volume Vl, rather than the
otal volume,

1
Va

∫
Vl

[∇ · (pv)] dV = 0. (3)

The spatial-averaging theorem for some liquid vector property
,

Vl

∇ · adV = ∇ ·
∫
Vl

adV +
∫
Agl

a · ndA (4)

ay be applied, where Agl represents the gas–liquid interfacial area.
he resulting form of the volume-averaged continuity equation is,

1
∫

· 〈pv〉 +
V

Agl

(�v) · ndA = 0. (5)

The second term on the left-hand side represents the mass flux
etween gas and liquid. Assuming mass transfer to be negligible,

fl

�
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he continuity equation can be written as,

· 〈�v〉a = 0. (6)

The average based on the averaging volume is related to the
nterstitial (i.e., physical) averaging in the following manner:

�〉a = (1 − ε)〈�〉. (7)

Substitution into the continuity equation gives,

· (1 − ε)〈�v〉 = 0. (8)

To rewrite the average of the product of density and velocity,
he quantities of interest may be expressed as the sum of the mean
alue and a deviation (denoted by the tilde),

= 〈�〉 + �̃ and v = 〈v〉 + ṽ. (9)

By taking the product of these expressions and averaging the
esults over the liquid phase, it can be shown that,

pv〉 = 〈�〉〈v〉 + 〈�̃ṽ〉. (10)

It can be noted that this simplification is due to the fact that, the
efinition of the average of the deviations is zero. By assuming that
verage values are much greater in magnitude than deviations, the
roduct of deviations becomes negligibly small compared to the
roduct of averages. Hence, the volume-averaged liquid continuity
quation may be written as,

d
dz

[(1 − ε)〈�〉〈v〉z] +
(

1
r

)
d
dr

[r(1 − ε)〈�〉〈v〉r] = 0. (11)

The area average of some fluid property  is defined as,

¯ ≡ 1
A

∫
A

 dA, (12)

here A is the cross-sectional area of the flow channel. By applying
he averaging formula to the continuity equation and observing that
v〉r = 0 at the wall, the radial derivative term equals zero. The den-
ity is independent of radial position. The order of differentiation
nd integration may be reversed and the density may be removed
rom the area integral. The volume fraction and velocity may be
ritten as the sum of the area average (denoted by the hat symbol)

nd deviation (denoted by the breve symbol):

− ε = 1 − ε̂− 
ε. (13)

Substitution into the continuity equation and simplification
ield,

d
dz

[
〈�〉(1 − ε̂)〈v̂〉z

]
= 0. (14)

This assumption introduces some error into the model in return
or computational simplicity. However, the errors will not be large.

A parallel development for the gas phase produces a directly
nalogous result of the form:

d
dz

[
1 − 〈�〉ε̂〈v̂g〉z

]
= 0. (15)

.2.2. Momentum equations
ow have the form,(
∂v

∂t
+ v · ∇v

)
= −∇P + �g + ∇ · �(T), (16)
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∂z
[(1 − ε)〈P〉] dA = − ∂

∂z
[〈P〉(1 − ε̂)]. (31)
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here �(T) is the sum of the viscous and turbulent stress tensors.
eglecting the convective acceleration and assuming steady-state
peration, the volume-averaged momentum equation becomes,

1
Va

∫
Va

{−∇P + �g + ∇ · �(T)} dV = 0. (17)

Applying the spatial-averaging theorem to the pressure and
tress tensor terms and writing the momentum equation for the
iquid phase in terms of intrinsic phase average yields,

∇(1 − ε)〈P〉 + 1
Va

∫
Agl

(−PI + �T) · ndA+ (1 − ε)〈�〉g

+∇ · (1 − ε)〈�〉T = 0, (18)

here n is a unit vector normal at any given point on the surface
f the gas–liquid interface. Expanding the volume-averaged stress
ensor term results in the form,

· (1 − ε)〈�〉T = ∇ · (1 − ε)〈�〉 + ∇ · (1 − ε)〈�t〉, (19)

here � is the liquid viscous stress tensor = �(∇v+ ∇vT),
�t〉 is the liquid turbulent stress tensor = −〈�v′v′〉, and
vT is the transpose of the dyad ∇v.

The overbar on −〈�v′v′〉 indicates that the time average was done
ver the entire product. Volume averaging and applying the spatial-
veraging theorem to � yields,

�〉 = �
[∇〈v〉 + ∇〈v〉T

]
+�

[
1
Va

∫
Agl

nvdA+ 1
Va

∫
Agl

vndA

]
. (20)

Since the liquid velocity v is nearly uniform with respect to
he position on the bubble interface and the unit normal vector
ntegrates to zero over the surface, the area integrals are zero and

�〉 = �[∇〈v〉 + ∇〈v〉T]. (21)

Writing the volume average of the turbulent stress tensor as
�t〉 = −〈�v′v′〉, the equations of motion become,

∇(1 − ε)〈P〉 + 1
Va

∫
Agl

(−PI + �T) · ndA+ (1 − ε)〈�〉g

+∇ · (1 − ε)�[∇〈v〉 + ∇〈v〉T] − ∇ · (1 − ε)〈�v′v′〉 = 0. (22)

The remaining area integral term represents the total force
xerted at the gas–liquid interface, i.e., the drag force between gas
nd liquid phases per unit volume plus the buoyancy forces. The
erm can be expressed as proportional to the total interfacial force
cting on the liquid per unit gas–liquid interfacial area Ft,

lgFt = 1
V

∫
Agl

(−PlI + �l
(T) · ndA), (23)

here Agl is the gas–liquid interfacial area per unit volume of
as–liquid suspension.

To develop the one-dimensional model, the axial component
f the momentum equation is taken. Expanding the viscous term
ives,

· (1 − ε)�
[∇〈v〉 + ∇〈v〉T

]
= (1 − ε)�

[∇2〈v〉 + ∇(∇ · 〈v〉)
]

+�
[∇〈v〉 + ∇〈v〉T

]
· ∇(1 − ε). (24)

oting that divergence of the velocity vector is zero and assuming
hat 〈v〉z = 〈v〉z(r, z only), the axial component of the first term on

a
t
t
v

ng Journal 145 (2008) 69–77

he right-hand side becomes,

z · (1 − ε)�[∇2〈v〉] = (1 − ε)�
[

1
r

∂

∂r

(
r
∂〈v〉z
∂r

)
+ ∂2〈v〉z

∂z2

]
, (25)

here ez is the unit vector in the axial direction. Similarly, taking the
xial component of the second term of the right-hand side yields,

z ·�{∇〈v〉 + ∇〈v〉T} · ∇(1 − ε) = −2�

(
∂〈v〉z
∂z

∂ε

∂z

)
. (26)

Except near the sparger, the quantities 〈v〉z and ε change only
odestly with axial position. The second derivative of 〈v〉z is

xpected to be at least as small as its first derivative. However, the
hange in 〈v〉z with r is considerable. Consequently, axial derivative
ay be considered to be negligible relative to the radial derivative,

nd the axial component of the viscous term may be expressed
pproximately as,

1 − ε)�
[

1
r

∂

∂r

(
r
∂〈v〉z
∂r

)]
. (27)

For the turbulent stress term, the dot product with ez has the
orm of the z component of the divergence of a dyad

ez · (∇(1 − ε)〈�v′v′〉)
=
⌊∇ · (1 − ε)〈�v′v′〉

⌋
z

= 1
r

∂

∂r
(r(1 − ε) · 〈�v′

rv′
z〉 + 1

r

∂(1 − ε)〈�v′
�
v′
z〉

∂�

+∂((1 − ε)〈�v′
zv

′
z〉)

∂z
.

(28)

If the flow is assumed to be symmetrical with respect to
zimuthal position, the second term on the right-hand side is zero.
urther, changes in vz with axial position are expected to be small,
nd the z derivative term is assumed to be negligible. Consequently,
he axial component of the Reynolds stress term becomes,

1
r

∂

∂r
(r(1 − ε)〈�v′

rv
′
z〉). (29)

The momentum equation in the axial direction can be aver-
ged over the cross-sectional area of the riser to eliminate radial
ependencies,

1
A

∫
A

[
∂

∂z
((1 − ε)〈P〉)

]
dA− 1

A

∫
A

((1 − ε)〈�〉gz) dA

+ 1
A

∫
A

[
(1 − ε)�

(
1
r

∂

∂r

(
r
∂〈v〉z
∂r

))]
dA

+ 1
A

∫
A

[
1
r

∂

∂r
(r(1 − ε)〈�v′

rv
′
z〉)
]

dA+ 1
A

∫
A

algFt dA = 0. (30)

The pressure is virtually independent of radial position and can
e removed from the area integral. Reversing the order of integra-
ion and differentiation for the pressure term then gives,∫
The gravity term may be evaluated similarly since the density is
lso independent of radial position. In evaluating the viscous term,
he time-averaged gas volume fraction ε is written as the sum of
he cross-sectional average and its deviation. Substitution into the
iscous term results in the expression,
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�

�R2

∫ 2�

0

∫ R

0

(1 − ε)
(

1
r

∂

∂r

(
r
∂〈v〉z
∂r

))
r dr d�

= 2�
R2

(1 − ε̂)R
(
∂〈v〉z
∂r

)∣∣∣∣
R

− 2�
R2

∫ R

0

εd

(
r
∂〈v〉z
∂r

)
. (32)

The first term on the right-hand side represents the viscous part
t the wall based on gradients in the averaged velocity. The second
erm is assumed to be negligible based on the relative magnitudes
f (1 − ε̂) and 
ε. The turbulent stress term may be integrated to
btain,

1
2R2

∫ 2�

0

∫ R

0

[
1
r

∂

∂r
(r(1 − ε)〈�v′

rv
′
z〉)
]
r dr d� = 2

R
(1 − ε)〈�v′

rv
′
z〉|R,

(33)

hich represents the turbulent stresses at the wall. The combined
iscous and turbulent wall drag may be represented in a traditional
riction factor form as,

fr
D

1
2
�〈v̂〉2

z . (34)

Lastly, the interfacial drag term Fbz is expressed as the sum of
ts cross-sectional average and a deviation. Noting that the integral
f the deviation over the cross-section is zero, the gas–liquid drag
erm can be shown to have the form,

3
Arb

∫
A

FbzεdA = algFt + 3
Arb

∫
A



Fbz


εdA. (35)

Assuming that the integral of the product of the deviations is
mall compared to the product of the averages, the final form of
he one-dimensional momentum equation for the liquid is,

d
dz

[〈P〉(1 − ε̂)] − (1 − ε̂)〈�〉gz − fr
D

1
2
�〈v̂〉2

z + algFt = 0. (36)

The total vertical force per unit area at the gas–liquid interface
an be expressed as the difference between downward drag and vis-
ous forces per unit area (Fd), and upward forces due to hydrostatic
ressure variations per unit area (Fb),

t = Fd − Fb. (37)
To quantify Fb we will explore hydrostatic pressure effects at the
as–liquid interface in a control volume of length dz in the riser,
s depicted in Fig. 2. From this representation, it can be seen that
d corresponds to the total buoyancy forces exerted on the bub-
les contained in the control volume per unit gas–liquid interfacial

ig. 2. Control volume used to determine hydrostatic forces at the gas–liquid inter-
ace (dotted lines) in a section of riser.

e

ε

t
g
a
r

−

p
p

2

t
a
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rea minus the external pressure forces exerted on the gas at the
op and bottom sections of the control volume per unit gas–liquid
nterfacial area,

b = ε̄�lg

ālg
+ (〈P̄g〉Ag)|z+dz − (〈P̄g〉Ag)|z

Vālg
, (38)

here in this case V is the control volume (V = Az). If we consider
hat ε̄ = Ag/A, and take the limit asz → 0, we obtain,

¯b = ε̄�lg

ālg
+ 1
ālg

d(〈P̄g〉ε̄)
dz

. (39)

Pressure differences between gas and liquid phases can only be
ue to the pressure jump across the bubble surfaces due to surface
ension effects. It can be shown that the pressure jump is appre-
iably lower than the values of gas and liquid pressures. Therefore,
e will assume that liquid and gas pressures within an averaging

olume are approximately the same. To a good degree of approxi-
ation we can then state,

P̄g〉 = 〈P̄l〉 = 〈P̄〉. (40)

By using this fact, we then obtain from the above equations, the
iquid-phase momentum equation,

d〈P̄〉
dz

− �lg − fr
D

1
2
�l〈�̄l〉2 + ālg F̄d = 0. (41)

The friction factor was determined from empirical correlation
sed by Young et al. [15],

r = 0.187
√
ε̄

(1 − ε̄)0.10

(√
gD

〈Vz〉

)1.1

. (42)

A similar approach can be followed for the gas-phase momen-
um equation. After applying the volume averaging technique to
he time-averaged point equation of motion for i = g, it is possible
o show that the averaged gas-phase momentum equation can be
ritten as follows:

d(ε̄〈P̄〉)
dz

− ālg F̄t = 0, (43)

here gravitational effects have been neglected due to the rel-
tively low density of the gas phase. So finally from the above
quations we get,

¯�lg = ālg F̄d. (44)

This final form of the gas phase momentum equation states
hat buoyancy balances the total drag and viscous forces at the
as–liquid interface. Therefore, the contribution of interfacial drag
nd viscous forces to the liquid momentum equation can be
eplaced by the buoyancy force, which yields,

d〈P̄〉
dz

− (1 − ε̄)�lg − fr
D

1
2
�l〈�̄l〉2 = 0. (45)

This equation states that the pressure gradient in the liquid
hase is due to hydrostatic contributions of the liquid holdup plus
ressure losses due to wall friction.

.3. Separator

The mechanical energy balance was employed to analyze
he separator liquid-phase flow. Analysis begins with the time-
veraged differential mechanical energy equation for steady flow

n a fixed control volume,

Ae

1
2
�v2(v · n) dA =

∫
Ae

v · (n · T (T)) dA−
∫
Ae

��(v · n) dA− Ėv,

(46)
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here v =
√
v2

r + v2
�

+ v2
z , TT = −Pn+ ([� + �t] · n), Ae is the cross-

ectional flow areas at entrances and exits, n is the unit vector
utwardly normal to Ae, ϕ is the gravitational potential, and Ev is
he rate of viscous dissipation.

Since the bulk flow at both the riser and the downcomer
ntrance is in the axial direction, the time-averaged radial and
zimuthal velocity components are small compared to vz . Hence,

z dc ≈
√
v2
z = vz . In the downcomer, measurements showed that

he radial dependence of vz is weak, and vz = vz dc to a good approx-
mation. The radial dependence is greater in the riser. By expressing
he riser volume-averaged velocity as an area average and a devi-
tion, and assuming that the higher order terms of the velocity
eviation are negligible compared to 〈v〉z , the first term in the
echanical energy balance can be shown to have the form:

Ae

1
2
�v2(v · n) dA = �

2
v̂3
z dcAdc − �

2
〈v̂〉3

z Ar(1 − ε̂). (47)

The second integral in the mechanical energy balance may be
xpanded by substituting the expression for the total stress vector:

Ae

v · (n · TT) dA =
∫
Ae

v · (−Pn) dA+
∫
Ae

(v · � · n) dA

+
∫
Ae

(v · �t · n) dA. (48)

To a very good approximation, the time-averaged pressure
s independent of radial position. The pressure integral term
ecomes:∫
Ae

P(v · n) dA ≈ (v̂zA)dc + [〈P〉〈v̂〉z(1 − ε̂)A]r . (49)

Using index notation, the viscous stress term for the downcomer
ay be shown to have the form

· � · n = vz
[

2�

(
∂vz
∂z

)]
(50)

ssuming again that the axial acceleration of the flow is negligible in
omparison to the pressure and inertial terms. An analogous treat-
ent holds for the riser term. The turbulent stress term reduces to

he form:

v · �t · n) = vz�l2zz
∣∣∣∣∂vz∂z

∣∣∣∣
(
∂vz
∂z

)
, (51)

here lzz is the Prandtl mixing length of unknown magnitude. The
pper limit of the mixing length may be estimated to be a bubble
iameter. Since velocity changes in the z direction are small, the
urbulent stress term may also be assumed to be small relative to
he P and v̂3

z terms. Again, an analogous development holds for the
iser.

Evaluation of the gravity term over entrance and exit yields,

Ae

��(v · n) dA = −��〈v̂〉zrAr(1 − ε̂) + ��v̂z dcAdc. (52)

Substitution of the above terms into the original form of the
echanical energy balance results in the expression:

�

2
v̂3
z dcAdc − �

2
〈v̂〉3

z Ar(1 − ε̂)
= − (Pv̂zA)dc + (〈P〉〈v̂〉z(1 − ε̂)A)r + ��〈v̂〉zrAr(1 − ε̂)
−��v̂z dcAdc − Ėv. (53)
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By substitution of the continuity relationship:

v̂z dcAdc = �〈v̂〉zr(1 − 	ε)Ar (54)

nd division by �gvz dcAdc the separator mechanical energy equa-
ion becomes,

v̂2
z dc
2g

[
1 − 1

(1 − ε̂)2

(
Ddc

Dr

)2
]

− 〈P̂〉r − P̂dc

�g
+ Ėv

�gv̂z dcAdc
= 0. (55)

The last term is frequently referred to as the minor head loss
erm hm and is represented as the product of a loss factor K times
he ratio of the characteristic kinetic energy per unit volume to
he gravity force per unit volume, i.e., hm = Kv2/2g. One can esti-

ate the loss factors for expansion into the separation tank and
ontraction into the downcomer as,

=
[

1 −
(
Dr

Dt

)2
]2

and K = 0.5, (56)

espectively. The quantity Dt is the equivalent diameter of the sepa-
ation tank, which was set equal to the width of the rectangular tank
ase. Incorporating the minor loss terms and simplifying the use of
he continuity equation, the macroscopic momentum balance for
he separation chamber has the final form:

v̂2
z dc
2g

[
3
2

+
(

Ddc

(1 − ε̂)Dr

)2
([

1 −
(
Dr

Dt

)2
]2(

Ddc

Dr

)2
− 1

)]

+〈P̂〉r − P̂dc

�g
= 0. (57)

The liquid-phase continuity equation may be applied to the sep-
ration chamber with the following intuitive result equating the
nflux from the riser and the efflux to the downcomer:

(1 − ε)r〈v〉zrAr = �v̂z dcAdc. (58)

.4. Downcomer

For modeling purposes the downcomer section is defined as the
ow channel extending from the separator exit to the sparger. As
reviously noted, the downcomer flow is assumed to be all liquid.
he mechanical energy balance was applied to the downcomer in a
anner analogous to the separation chamber derivation. Following

he same arguments made for the separator and noting the changed
rientation of the velocity and unit normal vectors, the three inte-
rals of the differential energy balance can be shown to simplify to
he following forms:

Ae

1
2
�v2(v · n) dA = −�

2
	v3
zdc
Adc + �

2
〈	v〉3

Zr
(1 − 	ε)Ar, (59)

� · (n · T (T)) dA = Pdcv̂z scAdc−〈P〉r〈v̂〉zr(1 − ε̂)Ar, (60)

Ae

��(� · n) dA = −��dc�̂zdcAdc + ��r〈�̂〉zr(1 − ε̂)Ar. (61)

ollecting terms, the mechanical energy balance becomes:

�

2
〈�̂〉3

zr(1 − ε̂)Ar − �

2
�̂3
zdcAdc
= Pdc�̂z dcAdc − 〈P〉r〈�̂〉zr(1 − ε̂)Ar + �ϕdc�̂z dcAdc

−�ϕr〈�̂〉zr(1 − ε̂)Ar − Ėv. (62)
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does not require the specification of a boundary condition for the
gas holdup, since the only differential equation has the average
pressure as a dependent variable, for which the equation 〈P̄〉z=L =
Pa + �lght acts as the only necessary boundary condition.
S. Sarkar et al. / Chemical Eng

The gravity potential terms may be simplified using the rela-
ionship,

dc − �r =
∫ L

0

g dz = gL. (63)

By incorporating the continuity relationship between the
owncomer and riser velocities and dividing by �g�̂z dcAdc, the
owncomer mechanical energy equation takes the form,

�̂2
z dc
2g

[(
Ddc

Dr

)2
− 1

]
= Pdc − 〈P〉r

�g
+ L − Ė�

�g�̂z dcAdc
. (64)

The last term may be represented as the sum of the frictional
oss hf and the minor losses hm. The frictional losses are commonly

ritten in the form of Darcy–Weisbach formula,

f = fdc

(
L

D

)
dc

�̂2
z dc
2g

. (65)

The minor losses may be depicted using K loss factors as before.
oung et al. [15] lists the following values,

K (90◦ elbow with meter) = 1.3,

K (expansion from downcomer to riser) =
[

1 −
(
Ddc

Dr

)2
]2

,

K (tee used as ell entering through branch) = 1.5.

(66)

Incorporating these empirical expressions, the macroscopic
echanical energy balance for the downcomer has the final form,

�̂2
z dc
2g

[[(
Ddc

Dr

)2
− 1

]
+ 〈P〉r − Pdc

�g
− L + fdc

(
L

D

)
dc

�̂2
z dc
2g{

1.3 +
[

1 −
(
Ddc

Dr

)2
]2
}

+ 1.5
〈�̂2
zr〉

2g
= 0

]
. (67)

Simplifying this we obtain the final equation as,[(
Ddc

D

)2
−1

]
+fdc

Ldc

Ddc
+
∑
i

Ki

}
�̄2

dc
2g

+ 〈P̄〉z=0 − P̄dc,z=L
�lg

− L = 0.

(68)

. Implementation of the model

For solving the model, the basic information that must be avail-
ble consists of: the riser and downcomer lengths L and Ldc, the
iser and downcomer diameters D and Ddc, physical properties of
he fluids (�l, �g, �l, �), atmospheric pressure Pa, operating tem-
erature T, the liquid level in the gas–liquid separator ht, the bubble
adius at the sparger rb0 (z = 0), and the gas superficial mass velocity
gas mass flow rate per unit cross-sectional area Lg).

Integrating the liquid-phase continuity equation yields,

l(1 − ε̄)〈v̄l〉 = Lf, (69)

here Lf is the superficial mass velocity of the liquid phase (liquid
ass flow rate per unit cross-sectional area), whose value is inde-

endent of axial position. This value represents the mass of liquid
er unit time and unit riser area that is circulating through the sys-
em, which is not known a priori. The solution procedure starts by
ssuming a value for L .
f

Integrating the gas-phase continuity equation after using the
deal gas equation yields:

〈P̄〉Mg

RT
ε̄〈�̄g〉 = Lg, (70) F

s
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here Lg is the superficial mass velocity of the gas phase, which is
lso independent of axial position.

The pressure at the top of the riser is calculated from the follow-
ng equation:

P̄〉z=L = Pa + �lght. (71)

Once Lf is known, the gas-phase momentum equation combined
ith the appropriate drag coefficient correlation, along with the

bove two integrated equations evaluated at the top of the riser
z = L) represent a system of three non-linear algebraic equations
ith three unknowns: the gas and liquid velocities, and the gas
oldup. These equations are solved and the results constitute a
tarting point for the integration of the liquid-phase momentum
quation.

The differential equation was solved in MATLAB using the
tandard function “ode45”. The first sets of non-linear algebraic
quations were solved using the function “fsolve”. Solving the
DE we get the local values of liquid and gas velocities and gas
oldup.

Once the pressure, velocities, and gas holdup at the sparger are
nown, the mechanical energy balance in the downcomer is used
o calculate vdc. A new value of Lf is then found by combining the
ntegrated liquid phase continuity equation with the macroscopic

ass balance equation in the separator. If this value is different
rom the one used in the previous iteration, a new value for Lf is
ssigned and the iteration procedure continues. When the proce-
ure converges, the solution gives the pressure, phase velocities,
as holdup and bubble radius profiles in the riser (bubble radii are
ot calculated in this investigation).

In this model we have used the following drag coefficient cor-
elation:

ˆd = 4
3
rb

√
g(�l − �g)
�(1 − ε) . (72)

The important thing about this approach is that this model
ig. 3. Pressure profiles, for different superficial gas velocity, as a function of dimen-
ionless riser position.
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Fig. 4. Effect of dimensionless riser position on gas holdup for different superficial
gas velocities.

Fig. 5. Comparison of predicted gas holdup with that of experimental results.

Fig. 6. Effect of dimensionless riser position on gas velocity for different Ug values.
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ig. 7. Effect of dimensionless riser position on liquid circulation velocity for differ-
nt superficial gas velocities.

. Results and discussion

The results obtained after solving the model equations using
ATLAB are presented in Figs. 3–7. The variations of pressure, gas

oldup, liquid velocity and gas velocity are obtained as a function
f the dimensionless riser position.

Fig. 3 shows the predicted pressure profiles as a function of
he dimensionless riser positions for four different superficial gas
elocities. The pressures were calculated for four different values
f the superficial gas velocity. It can be noted that, the change in
ressure drop is not significant with the riser position. The pre-
icted pressure drop is well in the range reported by Mohanty et
l. [5].

Fig. 4 shows the variations of predicted gas holdup with the riser
osition. From Fig. 4 we see that the variation of the gas holdup
ith riser position is almost insignificant. That is, if we go up the

iser starting from the bottom, there would not be much differ-
nce in the gas holdup. However, the gas holdup increases with the
ncrease in superficial gas velocity for a particular riser position.
he values of gas holdup obtained are in the range of 0.44–0.52.
ig. 5 shows a comparison of the predicted gas holdup profile along
ith that of experimental data reported in literature [5]. The lines

epresent the predicted gas holdup values from the model and the
oints represent the experimental data. It can be seen that, the
redicted values are in excellent agreement with the experimen-
al results reported by Mohanty et al. [5] for the same range of
perating parameters.

Fig. 6 shows the predicted gas velocity profiles as a function
f the dimensionless riser position for four different superficial
as velocities. The results obtained for the gas velocities can be
nterpreted in a similar fashion as mentioned above.

The effect of dimensionless riser position on liquid circulation
elocity for four different gas velocities are presented in Fig. 7. In
his case also, the riser position does not have a significant effect on
iquid circulation velocity. However, with increase in gas velocity for
constant riser position, the liquid circulation velocity increases.
he increase in gas velocity results in a large driving force that
orces the liquid to the downcomer, thereby increasing the liquid
irculation velocity.
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. Conclusions

A model to describe the multi-stage external loop airlift reac-
or hydrodynamics has been developed in this work. The unique
eature of this reactor is the multi-stage system. Starting from time-
veraged point equation of continuity, and using the mass and
omentum balance equations the model formulation has been

arried out by applying an averaging technique over a represen-
ative volume of gas–liquid suspension. The main advantage of
his model is that its simulation of the riser requires the solu-
ion of only one differential equation, the liquid-phase momentum
quation. This eliminates the need for a boundary condition for
he gas holdup, which is very difficult to formulate on physical
rounds. Results indicate that the predicted hydrodynamic values
rom model agreed well with that of experimental values reported
n the literature. If the drag coefficient is taken as an explicit func-
ion of the Reynolds number, knowledge of the bubble size at the
parger is required to determine the pressure, gas holdup and phase
elocity profiles in the riser. The model is sensitive to the initial
alue of the bubble size.
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